We prove that a local flow can be constructed for a general class of nonautonomous retarded functional differential equations (RFDE). This is an extension to a result of Artstein [1] and fits in the classical theory of R. Miller and G. Sell. The main tool in this paper are generalized ordinary differential equations according to Kurzweil [7]. In obtaining our results we must prove the space of RFDE's can be embedded in a space of generalized ordinary differential equations. In opposition to the technical hypotheses of Oliva and Vorel [15] , this auxiliary result, as we present, is advantageous in the sense that our assumptions have an explanatory character. Applications based on topological dynamics techniques follow naturally from our results. As an illustration of this fact we show how to achieve in this setting a theorem on continuous dependence on initial data of solutions of RFDE's. May, 2003 ICMC-USP 
INTRODUCTION
In order to generalize certain results on continuous dependence of solutions of ordinary differential equations (ODE) with respect to parameters, J. Kurzweil introduced, in 1957 , what he called generalized ordinary differential equations (GODE) for euclidean and Banach space-valued functions (see [7] - [11] ).
Among other applications, the theory of GODE's has been shown to be useful in the investigation of topological dynamics of ODE's of typė
where f : Ω × R → R n , with Ω ⊂ R n open, is measurable in t and continuous in x. As usual, given s ∈ R, the translate f s of f is defined by f s (x, t) = f (x, t + s); x ∈ Ω, t ∈ R.
It is known the limit points of f s , when |s| → ∞, define limiting equations and one can relate the behavior of the solutions of (1.1) with the behavior of the solutions of its limiting equations. However it may happen that a limiting equation of an ODE is no longer an ODE. In fact, as observed by Artstein in [2] , when we consider the topology characterized by the convergence
in a space of functions f (x, t) satisfying local Lipchitz-and Charathéodory-type conditions, the following situation can be considered: let F 0 be a continuous nowhere differentiable function. Since C 1 , endowed with the C 0 topology, is dense in C 0 , there exists a sequence F j , j = 1, 2, . . ., of C 1 functions uniformly convergent to F 0 . If f j is the derivative of F j , then t 0 f j (x, s)ds converges for all (x, t), but the limit f (x, s)ds. Since we can associate an equation of type (1.1) with each f j , it turns out that the solution of the equation is, up to a constant, the primitive F j of f j . Therefore the limiting solution F 0 is not a solution of an ODE.
A GODE is defined in terms of a primitive of the ODE (1.1), that is, F (x, t) = t 0 f (x, s)ds, but it also applies even if F is not a primitive. In [2] , Artstein proved that, when a class of ODE's of type (1.1) is embedded in a compact space of GODE's, a local flow can be constructed and hence the techniques of topological dynamics can be applied. We are concerned with this subject in the setting of retarded functional differential equations (RFDE).
In [15] , F. Oliva and Z. Vorel proved that RFDE's can be regarded as Banach spacevalued GODE's. In the present paper, we prove the same fact assuming different conditions. In opposition to [15] , our assumptions are self-explanatory. Moreover, neglecting the delay, they are weaker than those assumed by Artstein in [2] and still they are enough for the construction of a local flow.
Since the starting point of many results of [17] and [18] is the existence of a local flow, it is natural that we accomplish some applications. To show this, we present some immediate results on continuous dependence of solutions. This paper is organized as follows. We begin by giving the basic definitions and properties of the theory of GODE's for Banach space-valued functions in Section 2. In the same section we state the relation between RFDE's and GODE's in Banach spaces. Section 3 is dedicated to defining a space of GODE's in which the space of RFDE's will be embedded. Then the proof that the former space is compact is a straightforward adaptation of [2] . The construction of a local flow is discussed in Section 4. Applications to continuous dependence of solutions are given in Section 5.
GENERALIZED EQUATIONS IN BANACH SPACES 2.1. Basic definitions and properties
A tagged division of a compact interval [a, b] ⊂ R is a finite collection (τ i , s i ), where a = s 0 ≤ s 1 ≤ . . . ≤ s k = b is a division of [a, b] and τ i ∈ [s i−1 , s i ], i = 1, 2, . . . , k. A gauge of a set E ⊂ [a, b] is any function δ : E → ]0, +∞[. Given a gauge δ of [a, b], a tagged division d = (τ i , s i ) is δ-fine if, for every i, [s i−1 , s i ] ⊂ {t ∈ [a, b] ; |t − τ i | < δ (τ i )} .
Alternatively we can write
Let X be a Banach space. 
When this elegant modification is applied to Kurzweil's definition, we obtain an integral known as Kurzweil-McShane or McShane integral. We have
In the real-valued case, the McShane integral gives a constructive definition for the Lebesgue integral (see [12] and [3] ) which means that the McShane and Lebesgue integrals are equivalent and the integrals coincide when defined. The reader may want to consult [5] for special aspects of such integrals for Banach space-valued functions. See also [4] .
The lemma presented below is known as Saks-Henstock Lemma and it can be proved by following the standard steps as in [16] , Proposition 16, for instance. In the following section, the Saks-Henstock lemma will be crucial in simplifying the proof of the fact that RFDE's can be regarded as GODE's in Banach spaces (see [15] for comparison).
Proof. (i) follows from the fact that (t 1 , [t 1 , t 2 ]) is a δ-fine tagged division of [t 1 , t 2 ] and the Saks-Henstock Lemma. A similar argument applies to (ii).
Remark 2.2.2. Lemma 2.2.1 and Corollary 2.2.1 also hold if the McShane integral is replaced by the Kurzweil integral.
The proof of the next result follows the steps of [2] , Lemma A.1, with appropriate adaptations for Banach space-valued functions.
Thus, adding to F (x, t) a function varying only in x, the solutions of (2.2) do not change. In particular, subtracting
F (x, 0) from F (x, t), we obtain a normalized representation F 1 of F fulfilling F 1 (x, 0) = 0 for every x.
The relation with retarded functional differential equations
Let r, a, σ be non-negative numbers. By C (a, r, σ) we mean the space of all continuous functions from [a − r, a + σ] to R n and by C (r) we mean the space of continuous functions from [−r, 0] to R n ; both spaces are equipped with the usual supremum topology. For every x ∈ C (a, r, σ) and every a ≤ t ≤ a + σ, let x t ∈ C (r) be given by
be an open set with the following property:
is also an element of C 1 . In particular, any open ball in C (a, r, σ) has this property.
where f (ϕ, t) :
is Lebesgue integrable and the following conditions are fulfilled:
Notice that conditions (A) and (B) above are, respectively, Carathéodory and Lipschitztypes conditions with respect to the McShane integral of a certain function f . Usually these types of conditions are imposed to the function itself rather to its integral (see [2] , p. 226). Thus, even when we neglect the delay and deal with ODE's only, it is reasonable to expect more general results.
Let f (x t , t) satisfy the conditions required for (2.3). For each x ∈ C 1 , define
Proof. Let A ⊂ C 1 be compact and suppose (
which can be made sufficiently small by properties (A) and (B) of f . Then the continuity of F (x, t) follows.
The next two theorems (Theorems 2.2.1 and 2.2.2) imply equation (2.3) is a special case of certain GODE's in Banach spaces. This fact was first proved by Oliva and Vorel in [15] under different conditions. We follow the main ideas of [15] , but the use of the Saks-Henstock Lemma allowed us to contribute with more simple proofs. 
DF (x (τ ) , t) .
In view of
For each i, it follows from (2.4) that
(2.7)
Since y (t) is a solution of (2.3), we have
(2.8)
Thus (2.7) and (2.8) imply
(2.9)
Let A ⊂ C 1 be a compact neighborhood of y such that the distance ρ of y ∈ C 1 to the complement of A is larger than 2 y . Then for all i,
and therefore x(τ i ) ∈ A for every i, since
For an arbitrary i, let τ ∈ [s i−1 , s i ]. Thus condition (B) implies there is a locally Lebesgue integrable function L A (s) such that
We assert that y s − x (τ i ) s ≤ ε/i which then implies
by (B). Since
and s varies in [s i−1 , τ ], we have M A (s) ds (see [12] ) and such that δ (τ i ) ≤ µ A (ε) for every i. Notice that the compact A does not depend on the choice of i. In this manner we can take [τi,τ ] M A (t) dt ≤ ε/i and the assertion is proved. Hence (2.10) follows.
It can be proved similarly, with adequate adaptations, that given i,
Then, adding all terms in i in (2.9), we obtain
and hence (2.6) follows.
Theorem 2.2.2. Let x (t) be a solution of (2.2), with F given by (2.4), in the interval
In order to prove Theorem 2.2.2, we need the following lemma whose proof can be found in [15] , Lemma 2.1.
Lemma 2.2.3. Under the hypothesis of Theorem 2.2.2,
(2.12) and 
(2.14)
Since y (t 4 ) = x (t 4 ) (t 4 ) and y (t 3 ) = x (t 3 ) (t 3 ) (by (2.11)) and x (t 3 ) (t 4 ) = x (t 3 ) (t 3 ) (by (2.12)), we have
By hypothesis,
DF (x (τ ) , t) .
Therefore
On the other hand, (2.11) and (2.13) imply y (τ ) = x (t) (τ ), t ≤ τ , and therefore
Hence,
If δ is a gauge of [t 3 , t 4 ] from the definition of [t 3 ,t 4 ] DF (x (τ ) , t) corresponding to ε > 0 and if (t
by Corollary 2.2.1.
Remark 2.2.4. It worths mentioning that Theorems 2.2.2 and 2.2.2 also hold when the McShane integral is replaced by the Kurzweil integral.

A COMPACT SPACE OF GENERALIZED EQUATIONS
Motivated by conditions (A) and (B) (before Definition 2.2.4), we will now define a family F of continuous functions
The definition below was borrowed from [2] . Its form is adapted to suit our purposes. and if τ 1 , . . . , τ k are elements of A, then 
there is a continuous non-decreasing function
The following result is borrowed from [2] (see Lemma 5.5) with obvious adaptations.
In particular, the uniform convergence on compact subsets is equivalent to pointwise convergence on a dense set that is, the sequence F k converges to F 0 in F if and only if the sequence
Proof. Let A ⊂ C 1 and C ⊂ C 1 be compact sets and suppose (x, t),
Since F (z, 0) = 0 for every z, then
where we applied condition (B') and K(0) = 0. By condition (A') and since |t−s| < µ A (ε), we have
As usual, if [t] = max{n ∈ Z; n ≤ t}, then for every t ≥ 0,
where we used condition (B'). Thus
and the proof is complete.
Theorem 3.3.1. The space F is compact.
A proof of Theorem 3.3.1 is nothing but a straightforward adaptation of [2] , Theorem 5.6. It is too extensive and somewhat involved to be reproduced here.
THE EXISTENCE OF A LOCAL FLOW
This section consists of the results of Section 6 of [2] . The proofs are obvious adaptations. 
Local flows
are respectively the orbit, the positive orbit and the negative orbit through p 
Let F ∈ F. For each t ∈ R we define the translation F s of F by
where we subtract F (x, s) in view of the normalization in F. It is not difficult to check that the translations F s of F belong to F and therefore F is translation invariant. In addition,
and take a fixed (x, t). By Lemma 3.3.1, it is enough to show that where , F ) and π be the mapping given by
Then π is a local flow on C 1 × F.
The theorem below is a consequence of the definition of π in Theorem 4.4.1. 
associated to (4.16) is precompact in C 1 × F, then the orbit y (·, υ, f ) as well as its positive and negative orbits are precompact .
CONTINUOUS DEPENDENCE OF SOLUTIONS
The results of this section are in the spirit of [1] , [2] and [6] . Theorems 5.5.3 and 5.5.4 below state continuous dependence results for RFDE's. In particular, Theorem 5.5.3 clarifies the continuous dependence result of [6] .
Let F ∈ F and consider the following GODE:
We shall establish a result on continuous dependence of solutions of (5.17) with respect to initial conditions and parameters. Together with equation (5.17), we consider equations
where
Lemma 5.5.1. Under the conditions above, let ε > 0 and A ⊂ C 1 be a compact such that x (t 1 ) , x n (t 1 ) ∈ A, where x (t) and x n (t) are solutions of (5.17) and (5.18) 
Proof. Given ε > 0 and n ∈ {1, 2, 3, . . .}, let δ be a gauge of [a − r, a
, then for sufficiently large n,
For every appropriate compact A ⊂ C 1 such that x (t 1 ) , x n (t 1 ) ∈ A, it comes by (B') that 
for sufficiently large n. Now, since
DF (x (τ ) , s) and x n (t 2 ) = x n (t 1 ) + The proof of the next theorem is analogous to that of [2] , Theorem A.8, with the appropriate adaptations. 
